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Based on the complex variable method and perturbation technique, an analytical closed-form solution is derived for the
interaction between a screw dislocation and collinear rigid lines along the interface of two dissimilar piezoelectric media
under remote anti-plane mechanical and in-plane electrical loading. The rigid lines are either conducting or dielectric.
The dislocation core is subjected to a line-force and a line-charge. A square-root singularity of ﬁeld variables near the
tip of an interfacial rigid line is observed. The rigid line extension force acting on the tip is obtained in terms of the strain
and electric ﬁeld intensity factor. The force on the dislocation due to the interfacial rigid line is calculated. The inﬂuence of
the angular position of the dislocation, material properties and electromechanical coupling factor on the force is studied in
detail.
 2006 Elsevier Ltd. All rights reserved.
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Piezoelectric materials are widely used as sensors and actuators in adaptive structures. However, the defor-
mation and the electric ﬁelds produced by defects, such as dislocations, voids, cracks and inclusions, can
adversely inﬂuence the performance of the devices. It is of great importance to investigate the behavior of var-
ious defects in electromechanical ﬁelds.
Interfacial crack problems in piezoelectric materials have been widely studied. Some common two-dimen-
sional solutions were derived by Suo et al. (1992), Zhong and Meguid (1997) and Herrmann et al. (2001) for
impermeable cracks, Gao and Wang (2000), Gao and Balke (2003) and Hausler et al. (2004) for permeable
cracks, and Ru (2000), Beom and Atluri (2002) and Wang and Zhong (2002) for conducting cracks. Soh
et al. (2002) and Gao et al. (2005) analyzed the interactions of a screw dislocation and a dipole with an inter-
facial crack in piezoelectric solids, respectively. Wang and Shen (2002) gave a general treatment on various0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.04.023
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boundary conditions. Interface Zener–Stroh crack problems in piezoelectric media were investigated by Xiao
and Zhao (2004) and Xiao et al. (2005).
The problem of rigid lines has aroused much interest. Some important solutions have been obtained by
Wang et al. (1986) and Li and Ting (1989) for a rigid line embedded in a homogeneous elastic solid, and Balla-
rini (1990), Wu (1990), Jiang (1991), Asundi and Deng (1995) and Jiang and Cheung (1995) for interfacial rigid
lines in purely elastic media. Shi (1997) examined collinear rigid lines in a homogeneous piezoelectric solid,
and the rigid lines are considered either a conductor or dielectric. Deng and Meguid (1998) and Gao and
Fan (2001) studied the electroelastic ﬁelds of a rigid conducting and dielectric line at the interface of two pie-
zoelectric media subjected to remote loading, respectively. Recently, Liu and Fang (2003) and Fang et al.
(2005) investigated the interaction between a screw dislocation and circular-arc interfacial rigid lines in piezo-
electric and magnetoelectroelastic media, respectively. Chen et al. (in press) studied a screw dislocation inter-
acting with collinear rigid lines in a piezoelectric solid. However, to the authors’ knowledge, no solution is
found for the interaction of a screw dislocation with interfacial collinear rigid lines in piezoelectric bimaterials
under remote loading. In fact, interfacial rigid lines are easily produced during electric packaging and
manufacturing.
The objective of this work is hence to provide the general solutions for the interaction of a screw dislocation
with interfacial collinear rigid lines and the basic characteristics of the ﬁeld variables, extension force near the
tip of a single interfacial rigid line and forces on the dislocation.
2. Basic equations
Consider a linear piezoelectric solid in a rectangular coordinate system (x,y,z). The anti-plane displacement
w is coupled with the in-plane electric ﬁelds Ex and Ey, and these variables are independent of the longitudinal
coordinate z, such that (Pak, 1990a)w ¼ wðx; yÞ; Ex ¼ Exðx; yÞ; Ey ¼ Eyðx; yÞ: ð2:1Þ
In this case, the constitutive relations are reduced toty ¼ rzy Dyf gT ¼ C ouoy ; ð2:2aÞ
tx ¼ rzx Dxf gT ¼ C ouox ; ð2:2bÞ
whereC ¼ c44 e15
e15 e11
 
; ð2:3Þc44, e15 and e11 are the elastic, piezoelectric and dielectric constants, respectively, rzk and Dk (k = x,y) are the
stresses and the electric displacements, respectively, u ¼ w uf gT, and u = u(x,y) is the electric potential
which satisﬁesEx ¼  ouox ; Ey ¼ 
ou
oy
: ð2:4ÞThe governing ﬁeld equation is simpliﬁed toCr2u ¼ 0: ð2:5Þ
Eq. (2.5) can be satisﬁed, if we let the harmonic function vector u be the imaginary part of some complex
potential of the complex variable z = x + iy = reih, i.e.u ¼ Im½vðzÞ; ð2:6Þ
where vðzÞ ¼ xðzÞ /ðzÞf gT. Therefore, Eq. (2.2) can be expressed asty þ itx ¼ CUðzÞ; ð2:7Þ
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W ðzÞ ¼ x0ðzÞ; UðzÞ ¼ /0ðzÞ: ð2:9ÞIn the above equations, the prime denotes the derivative with respect to the argument z.
3. Statement of the problem
Consider a piezoelectric screw dislocation located at a point zd(rd,hd) in the upper half plane s1, as shown in
Fig. 1. The screw dislocation is assumed to be straight and inﬁnitely long in the z direction, suﬀering a ﬁnite
discontinuity in the displacement bz and the electric potential bu across the slip plane. The dislocation core is
subjected to a line-force p in the z direction and a line-charge q. Along the interface between s1 and s2 there are
ﬁnite collinear rigid lines Lj (j = 1,2, . . . ,n). Let L and L
0 be the union of ﬁnite interfacial rigid lines and the
remaining bonded parts, respectively.
Assume that no external load is applied to the interfacial rigid lines. The mechanical boundary condition
and the equilibrium condition of the interfacial rigid lines arewþ1 ðxÞ ¼ w2 ðxÞ ¼ w0j; on Lj ðj ¼ 1; 2; . . . ; nÞ; ð3:1ÞZ
Lj
ðsþzyð1ÞðxÞ  szyð2ÞðxÞÞdx ¼ 0; on Lj ðj ¼ 1; 2; . . . ; nÞ; ð3:2Þwhere the superscripts + and  refer to the boundary values from s1 and s2, respectively, and the subscripts 1
and 2 denote s1 and s2, respectively. From (3.1), one obtainsw0þ1 ðxÞ ¼ 0; w02 ðxÞ ¼ 0; on L; ð3:3Þ
where the prime stands for the derivative with respect to the argument x.
Assume the zero thickness of rigid lines, and the electric boundary conditions can be described asuþ1 ðxÞ ¼ u2 ðxÞ ¼ u0j; on Ljðj ¼ 1; 2; . . . ; nÞ; ð3:4ÞZ
Lj
ðDþyð1ÞðxÞ  Dyð2ÞðxÞÞdx ¼ 0; on Ljðj ¼ 1; 2; . . . ; nÞ ð3:5Þ∞∞
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. 1. A piezoelectric screw dislocation near collinear rigid line inclusions at the interface of two dissimilar piezoelectric media.
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Dþyð1ÞðxÞ ¼ Dyð2ÞðxÞ; on Ljðj ¼ 1; 2; . . . ; nÞ ð3:7Þfor the rigid dielectric lines. From (3.4), one obtainsu0þ1 ðxÞ ¼ 0; u02 ðxÞ ¼ 0; on L; ð3:8Þ
where the prime denotes the derivative with respect to the argument x.
The boundary conditions on the perfectly bonded parts areuþ1 ðxÞ ¼ u2 ðxÞ; on L0; ð3:9Þ
tþyð1ÞðxÞ ¼ tyð2ÞðxÞ; on L0: ð3:10Þ4. Solution of the problem
The solution of the problem is to ﬁnd the two complex vectors Ui ¼ W iðzÞ UiðzÞf gT ði ¼ 1; 2Þ, which
should satisfy the boundary conditions (3.2), (3.3), (3.9), (3.10) with either (3.5) and (3.8) or (3.6) and (3.7)
for the conducting and dielectric line cases, respectively.
Based on the superposition principle, the two complex vectors Ui(z) (i = 1,2) can be expressed asUiðzÞ ¼ U1i þUiaðzÞ þUibðzÞ; i ¼ 1; 2; ð4:1Þ
where U1i ¼ W 1i U1if gT are constant vectors to be determined by the remote loading in the absence of rigid
lines, Uia ¼ W iaðzÞ UiaðzÞf gT are the complex function vectors due to a screw dislocation interacting with a
perfectly bonded interface and the complex potential Uib ¼ W ibðzÞ UibðzÞf gT correspond to the perturbed
ﬁeld due to the collinear interfacial rigid lines. Uia and Uib vanish at inﬁnity.
The continuous conditions of the generalized stress and displacement along the entire x-axis, in the absence
of the collinear interfacial rigid lines, areuþ1 ðxÞ ¼ u2 ðxÞ; 1 < x < 1; ð4:2Þ
tþyð1ÞðxÞ ¼ tyð2ÞðxÞ; 1 < x < 1: ð4:3ÞOne has from (4.2) and (4.3) thatU1i ¼ ðCðiÞÞ1t1y þ ie1x ; i ¼ 1; 2; ð4:4Þ
where C(1) and C(2) are the material property matrices of piezoelectric media occupying s1 and s2, respectively,
t1y ¼ s1zy D1y
 T
is the remote loading and e1x ¼ c1zx E1xf gT is the generalized strain applied at inﬁnity.
Also, remote loads t1xðiÞ ¼ s1zxðiÞ D1xðiÞ
 T ði ¼ 1; 2Þ are related toe1x ¼ ðCð1ÞÞ1t1xð1Þ ¼ ðCð2ÞÞ1t1xð2Þ: ð4:5Þ
Due to a screw dislocation b ¼ bz buf gT with the line-load f ¼ p qf gT interacting with a perfectly
bonded interface, we obtain from (4.2) and (4.3) that½U1aðxÞ U1aðxÞþ ¼ ½U2aðxÞ U2aðxÞ; 1 < x < 1; ð4:6Þ
Cð1Þ½U1aðxÞ þU1aðxÞþ ¼ Cð2Þ½U2aðxÞ þU2aðxÞ; 1 < x < 1: ð4:7ÞThe analytical function vectors Uia (i = 1,2) are obtained as (see Appendix A in detail)U1aðzÞ ¼ ðCð1Þ þ Cð2ÞÞ1ðCð2Þ  Cð1ÞÞU1dðzÞ þU1dðzÞ; z 2 s1; ð4:8Þ
U2aðzÞ ¼ 2ðCð1Þ þ Cð2ÞÞ1Cð1ÞU1dðzÞ; z 2 s2: ð4:9ÞThe following task is to ﬁnd the perturbed analytical function vectors Uib (i = 1,2). One has from (4.2) and
(4.6) thatUþ1cðxÞ þUþ2cðxÞ ¼ U1cðxÞ þU2cðxÞ; ð4:10Þ
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Deﬁne an analytical function asIðzÞ ¼ U1cðzÞ þU2cðzÞ; z 2 s1;
U2cðzÞ þU1cðzÞ; z 2 s2:
(
ð4:12ÞAccording to the Liouville theorem, considering (4.1) and (4.4), one obtainsIðzÞ ¼ ½ðCð1ÞÞ1 þ ðCð2ÞÞ1t1y : ð4:13Þ
Let us introduce a generalized stress jump function:DtyðxÞ ¼ ½tþyð1ÞðxÞ  tyð2ÞðxÞ: ð4:14ÞInserting (4.1) into (4.14) and using (2.7), (4.7) and (4.12) result in2DtyðxÞ ¼ HðJþðxÞ  JðxÞÞ; ð4:15Þ
whereH ¼ ðCð1Þ þ Cð2ÞÞ; ð4:16Þ
JðzÞ ¼ JwðzÞ JuðzÞf gT ¼
U1cðzÞ; z 2 s1;
U2cðzÞ þ ½ðCð1ÞÞ1  ðCð2ÞÞ1t1y ; z 2 s2:
(
ð4:17ÞSince Dty(x) = 0 on the perfectly bonded part, (4.17) shows that J(z) is analytic in the entire plane except at the
rigid lines.
One has from (2.6), (2.8), (2.9) and (4.17) that2iu01ðxÞ ¼ JþðxÞ þ JðxÞ þ J0ðxÞ; ð4:18Þ
whereJ0ðxÞ ¼ J0wðxÞ J0uðxÞf gT ¼ 2ðCð1ÞÞ1t1y þH1Cð1Þ
bþ iðCð1ÞÞ1f
pðx zdÞ 
b iðCð1ÞÞ1f
pðx zdÞ
" #
: ð4:19Þ4.1. Rigid conducting lines
Considering (3.3) and (3.8), one obtains from (4.18) thatJþðxÞ þ JðxÞ ¼ J0ðxÞ; on L: ð4:20Þ
Based on the theory of Muskhelishivili (1977), the solution of (4.20) can be obtained asJðzÞ ¼ X 0ðzÞ 1
2pi
Z
L
J0ðxÞ
Xþ0 ðxÞðx zÞ
dxþ PðzÞ
 
; ð4:21ÞwhereX 0ðzÞ ¼
Yn
j¼1
ðz ajÞ
1
2ðz bjÞ
1
2; ð4:22Þ
PðzÞ ¼ PwðzÞ Pu ðzÞf gT ¼ pnzn þ pn1zn1 þ    þ p0; pn ¼ cn dnf gT: ð4:23Þ
Taking the limit z!1 in (4.17) and using (4.21), (4.22) and (4.23) lead topn ¼ ðCð1ÞÞ1t1y þ ie1x : ð4:24Þ
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Kj
HJðzÞdz ¼ 0; on Kjðj ¼ 1; 2; . . . ; nÞ; ð4:25Þwhere Kj is the contour surrounding the interfacial rigid line Lj in clockwise direction. Substituting (4.21) and
(4.24) into (4.25) yield the 2n coeﬃcient constants cn1,cn2, . . . ,c0 and dn1,dn2, . . . ,d0.
4.2. Rigid dielectric lines
It follows from (3.3), (4.17), (4.18), (4.19) and (4.24) thatJwðzÞ ¼ X 0ðzÞ 1
2pi
Z
L
J 0wðxÞ
Xþ0 ðxÞðx zÞ
dxþ PwðzÞ
 
; ð4:26Þ
cn ¼
eð1Þ11 s
1
zy þ eð1Þ15 D1y
cð1Þ44 e
ð1Þ
11 þ ðeð1Þ15 Þ2
þ ic1zx : ð4:27ÞFrom (3.2) and (4.15), one has the closed path integralI
Kj
H1JðzÞdz ¼ 0; on Kj ðj ¼ 1; 2; . . . ; nÞ; ð4:28ÞwhereH1 ¼ cð1Þ44 þ cð2Þ44 eð1Þ15 þ eð1Þ15
n o
: ð4:29Þ
Considering (3.7), we can obtain from (4.15) thatH2JðzÞ ¼ H2Jð1Þ; ð4:30Þ
whereH2 ¼ eð1Þ15 þ eð2Þ15 ðeð1Þ11 þ eð1Þ11 Þ
n o
: ð4:31Þ
Substituting (4.26) and (4.27) into (4.28) and (4.30) leads to the n constants cn1,cn2, . . ., c0. When Jw(z) is
solved, Ju(z) can be obtained from (4.30).
Once J(z) is obtained, the strain and electric ﬁeld (SEF) and the stress and electric displacement (SED)
intensity factors can be evaluated. Noting that the strain and electric ﬁeld are continuous on the perfectly
bonded parts, we can evaluate the SEF intensity factor at the right tip of the No. j rigid line asS ¼ Sczx SEx
 T ¼ lim
x!bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx bjÞ
q
Im½JðxÞ: ð4:32ÞNoting that the stress and electric displacement are continuous on the perfectly bonded parts, we can evaluate
the SED intensity factor at the right tip of the No. j rigid line asK ¼ Kszy KDy
 T ¼ lim
x!bj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx bjÞ
q
Cð1ÞRe½JðxÞ: ð4:33ÞIt should be pointed out that the solutions can be reduced to those of Shi (1997) and Chen et al. (in press)
corresponding to collinear rigid lines in a homogeneous piezoelectric solid.
5. Singularity of ﬁeld variables
In this section, the singularity of the ﬁeld variables at the tip of a single rigid line due to a piezoelectric screw
dislocation and the uniform remote load is discussed. Assuming that a1 = a, b1 = a, we haveX 0ðzÞ ¼ ðz2  a2Þ
1
2; ð5:1Þ
PðzÞ ¼ ðCð1ÞÞ1t1y þ ie1x
h i
zþ p0 ð5:2Þ
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eð1Þ11 s
1
zy þ eð1Þ15 D1y
cð1Þ44 e
ð1Þ
11 þ ðeð1Þ15 Þ2
þ ic1zx
" #
zþ c0 ð5:3Þfor the rigid dielectric line case.
5.1. The rigid conducting line
Substituting (4.19), (5.1) and (5.2) into (4.21) and (4.25) and applying the residue theorem, one hasJðzÞ ¼ H
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2 a2
p iHe1x zþ
Cð1Þb if
2p
a2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2 a2
p
þ z
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
þ z
 
 a2
0
@
2
4
þ a
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2 a2
p
þzd
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
þzd
 
 a2
1
A
C
ð1Þbþ if
2p
a2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2 a2
p
þ z
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
þ z
 
 a2
þ a
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2 a2
p
þ zd
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
þ zd
 
 a2
0
@
1
A
3
5þConst:
ð5:4ÞWith reference to (4.8), (4.9), (4.11) and (4.17), neglecting the constant terms, one can obtain the complex
function vectors Ui(z) (i = 1,2) asU1ðzÞ ¼ H
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
Cð2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
 Cð1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
þ z zd
 
2pðz zdÞ ðb iðC
ð1ÞÞ1fÞ
2
4
þ
Cð2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
þ Cð1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
þ z zd
 
2pðz zdÞ ðbþ iðC
ð1ÞÞ1fÞ þ iHe1x z
3
5: ð5:5Þ
U2ðzÞ ¼ H
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p ðCð1Þb ifÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
2pðz zdÞ þ ðC
ð1Þbþ ifÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
2pðz zdÞ þ i2f þ iHe
1
x z
" #
:
ð5:6ÞSubstituting (5.5) and (5.6) into (2.7), one obtains the generalized stress in the upper and lower piezoelectric
media, respectively.
By substituting (5.4) into (4.32) and (4.33), the SEF and SED intensity factor vectors ahead of the right tip
of the rigid conducting line can be obtained asS ¼ ﬃﬃﬃﬃﬃpap e1x  1ﬃﬃﬃﬃﬃpap H1
ﬃﬃﬃﬃ
r1
r2
r
sin
h1  h2
2
	 

Cð1Þbþ
ﬃﬃﬃﬃ
r1
r2
r
cos
h1  h2
2
	 

 1
	 

f
 
; ð5:7Þ
K ¼ 0; ð5:8Þrespectively. With (5.7), and (2.7), one can obtaintxðiÞðrÞ ¼ ð2prÞ1=2CðiÞS; r ! 0þ; i ¼ 1; 2: ð5:9Þ
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Noting that J0w(x) can be obtained from (4.19), substituting (5.1) and (5.3) into (4.28) and (4.30), and
applying the residue theorem, one hasJwðzÞ ¼ hðzÞ þ const1; JuðzÞ ¼ H 21H 22 hðzÞ þ const2; ð5:10ÞwherehðzÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p ic1zx zþ
A1  iA2
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
z zd  1
 !
 A1 þ iA2
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
z zd  1
 !" #
;
ð5:11Þ
A1 ¼ ðH1Cð1ÞbÞ1; A2 ¼ ðH1fÞ1; ð5:12Þin which the subscript 1 outside the parentheses stands for the ﬁrst element of the vector.
With reference to (4.8), (4.9), (4.11) and (4.17), neglecting the constant terms, one can express the complex
function vectors Ui(z) (i = 1,2) asU1ðzÞ ¼ 1
2pðz zdÞH
1ðCð2Þ  Cð1ÞÞðb iðCð1ÞÞ1fÞ þ 1
2pðz zdÞ ðbþ iðC
ð1ÞÞ1fÞ þ hðzÞk; ð5:13Þ
U2ðzÞ ¼ 1pðz zdÞH
1Cð1Þðbþ iðCð1ÞÞ1fÞ þ hðzÞk; ð5:14Þwherek ¼ 1 H 21
H 22
 T
: ð5:15ÞSubstituting (5.13) and (5.14) into (2.7), one obtains the generalized stress in the upper and lower piezoelectric
media, respectively.
By using (5.9), (4.32) and (4.33), the SEF and SED intensity factor vectors at the right tip of the rigid dielec-
tric line can be obtained asS ¼ k ﬃﬃﬃﬃﬃpap c1zx  1ﬃﬃﬃﬃﬃpap
ﬃﬃﬃﬃ
r1
r2
r
sin
h1  h2
2
	 

A1 þ
ﬃﬃﬃﬃ
r1
r2
r
cos
h1  h2
2
	 

 1
	 

A2
  
; ð5:16Þ
K ¼ 0; ð5:17Þ
respectively. With (5.16) and (2.7), one obtainstxðiÞðrÞ ¼ ð2prÞ1=2CðiÞS; r ! 0þ; i ¼ 1; 2: ð5:18Þ
It is seen from (5.9) and (5.18) that the stress and electric displacement ﬁeld tx(i)(x) shows square root sin-
gularity at the tips of both conducting and dielectric lines. It is also identiﬁed that the singularity of the electric
displacement Dx(i)(x) vanishes at the rigid dielectric line tip in a homogeneous solid, which is a special case of
C(1) = C(2). It is worth noting that the ﬁeld singularity at the tips of both conducting and dielectric lines is inde-
pendent of the loading t1y , which agrees with the result obtained by Shi (1997). Hence, the loading t
1
y is not
considered in the following analyses.
6. Rigid line extension force
6.1. The rigid conducting line
The stress and electric displacement ﬁeld jump across the rigid conducting line can be obtained from (4.15)
and (5.4) as
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p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p pHe1x xþ f  Im ðCð1Þb ifÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
x zd
" #( )
; jxj < a: ð6:1ÞWith (5.7), at a distance r behind the rigid conducting line tip along the interface, (6.1) arrives atDtyðrÞ ¼ ð2prÞ1=2HS: ð6:2Þ
From (4.18) and (5.4), the generalized displacement gradient ahead of the right tip of the rigid conducting
line is obtained asu0ðxÞ ¼ 1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  a2
p pe1x xþH1f  Im H1ðCð1Þb ifÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
x zd
" #( )
; x > a: ð6:3ÞWith (5.7), at a distance r ahead of the rigid conducting line tip along the interface, (6.3) arrives atuðrÞ ¼ S
ﬃﬃﬃﬃﬃ
2r
p
r
: ð6:4ÞThus, by analogy with the calculation of the crack extension force for piezoelectric solids (Pak, 1990a), the
rigid line extension force can be evaluated byG ¼ lim
d!0
1
d
Z d
0
 1
2
DtTy ðrÞuðd rÞdr; ð6:5Þwhere Dty(r) stands for the generalized stress jump behind the tip and u(r) denotes the generalized displace-
ment ahead of the tip.
Substituting (6.2) and (6.3) into (6.5) leads toG ¼  1
4
STHS: ð6:6Þ6.2. The rigid dielectric line
Similarly, from (4.15) and (5.10), one can obtainDtyðxÞ ¼ Hk 1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p pc1zx xþ A2  Im ðA1  iA2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
x zd
" #( )
; jxj < a: ð6:7ÞWith (5.16), at a distance r behind the rigid dielectric line tip along the interface, (6.7) yieldsDtyðrÞ ¼ ð2prÞ1=2HS: ð6:8Þ
From (4.18) and (5.10), one can obtainu0ðxÞ ¼ k 1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p pc1zx xþ A2  Im ðA1  iA2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2d  a2
p
x zd
" #( )
 kc1zx þ e1x
þ 1
p
Im
kA1 H1Cð1Þb iðkA2 H1fÞ
x zd
" #
; x > a: ð6:9ÞWith (5.16), at a distance r ahead of the rigid dielectric line tip along the interface, (6.9) yieldsuðrÞ ¼ S
ﬃﬃﬃﬃﬃ
2r
p
r
: ð6:10ÞThe substitution of (6.8) and (6.10) into (6.5) yieldsG ¼  1
4
STHS: ð6:11Þ
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Force on the piezoelectric screw dislocation with a line-force and a line-charge is obtained from the general-
ized Peach–Koehler formula (Pak, 1990b) as,F x  iF y ¼ ðbTCð1Þ þ ifTÞUL1 ; ð7:1Þ
where UL1 can be obtained by subtracting the ﬁelds generated by the screw dislocation from (5.6) for the con-
ducting line case or (5.15) for the dielectric line case with z! zd.
7.1. The rigid conducting line
From (5.5), one obtainsUL1 ¼
1
2pa
H1 ðI Cð2ÞðCð1ÞÞ1Þfd1 þ f
X3
j¼2
ð1Þjdj  Cð1Þb
X5
j¼4
dj
"
þi f
X5
j¼4
ð1Þjdj þ Cð1Þb
X3
j¼1
dj  Cð2Þbd1
 !#
þ e1x ½d6 þ id7; ð7:2Þwhere I is a 4 · 4 unit matrix, and the coeﬃcients di (i = 1,2, . . . , 7) are listed in Appendix B.
Substituting (7.2) into (7.1), one hasF x ¼ 1
2pa
fTH1f
X5
j¼4
ð1Þjdj  bTCð1ÞH1Cð1Þb
X5
j¼4
dj  bTCð1ÞH1fð2d3Þ
" #
þ bTCð1Þe1x d6  fTe1x d7; ð7:3Þ
F y ¼ 1
2pa
fTH1ðCð2ÞðCð1ÞÞ1  IÞfd1  fTH1f
X3
j¼2
ð1Þjdj þ bTG1bd1
"
bTCð1ÞH1Cð1Þb
X3
j¼1
dj þ bTCð1ÞH1fð2d5Þ
#
 bTCð1Þe1x d7  fTe1x d6; ð7:4ÞwhereG ¼ ðCð1ÞÞ1 þ ðCð2ÞÞ1: ð7:5Þ7.2. The rigid dielectric line
It is found from (5.15) thatUL1 ¼
1
2pa
(
H1ðCð1Þ  Cð2ÞÞ ðCð1ÞÞ1f þ ib
h i
d1
þk A2
X3
j¼2
ð1Þjdj  A1
X5
j¼4
dj þ i A2
X5
j¼4
ð1Þjdj þ A1
X3
j¼2
dj
 #" )
þ kc1zx ðd6 þ id7Þ: ð7:6ÞSubstituting (7.6) into (7.1), one obtainsF x ¼ 1
2pa
fTkA2
X5
j¼4
ð1Þjdj  bTCð1ÞkA1
X5
j¼4
dj þ bTðCð1Þ  Cð2ÞÞH1fd1 þ bTCð1ÞkA2
X3
j¼2
ð1Þjdj
"
fTH1ðCð1Þ  Cð2ÞÞbd1  fTkA1
X3
j¼2
dj
#
þ bTCð1Þkc1zx d6  fTkc1zx d7; ð7:7Þ
Table
Materi
PZT-6
PZT-5
PZT-4
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2pa
fTH1ðCð2ÞðCð1ÞÞ1  IÞfd1  fTkA2
X3
j¼2
ð1Þjdj þ bTG1bd1  bTCð1ÞH1Cð1Þbd1
"
bTCð1ÞkA1
X3
j¼2
dj þ fTkA1
X5
j¼4
dj  bTCð1ÞkA2
X5
j¼4
ð1Þjdj
#
 bTCð1Þkc1zx d7  fTkc1zx d6: ð7:8Þ8. Discussions
In this section, numerical examples are performed to show the eﬀect of various parameters on the rigid line
extension force and forces on the dislocation in the absence of remote loads. We assume rd = 1.2a, the dislo-
cation Burgers vector and the line-loads along its core have the values (Lee et al., 2000)bz ¼ 109 m; bu ¼ 1:0 V; p ¼ 10 N=m; q ¼ 108 C=m: ð8:1Þ
Let us introduce a¼ cð2Þ44 =cð1Þ44 , b¼ eð2Þ15 =eð1Þ15 , c¼ eð2Þ11 =eð1Þ11 and the electromechanical coupling factor ke¼
eð1Þ15 =
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cð1Þ44 e
ð1Þ
11
q
of the piezoelectric medium s1.
8.1. Rigid line extension force
As an example, PZT-6B is considered for medium s1, whose material properties are listed in Table 1 (Lee
et al., 2000). Here a = 1, b = 4 and c = 1 are assumed. Rigid line extension forces are normalized by the
factorsG0ðbzÞ ¼ c
ð1Þ
44 b
2
z
4pa
; G0ðbuÞ ¼
eð1Þ11 b
2
u
4pa
; G0ðpÞ ¼ p
2
4pacð1Þ44
; G0ðqÞ ¼ q
2
4paeð1Þ11
ð8:2Þfor bz, bu, p and q, respectively. E.g., G*(bz) = G(bz)/G0(bz), in which G(bz) is the rigid line extension force due
to bz. Normalized extension forces G* versus the angle hd are plotted in Figs. 2 and 3, where the subscripts C
and D denote the conducting and dielectric line cases, respectively. It is observed that normalized extension
forces GDðbzÞ, GDðbuÞ, GDðpÞ and GDðqÞ for a given hd are nonpositive. The negative value indicates that
the driving force on the rigid dielectric line favors a contraction in the length of the segment. It is also observed
that the extension forces GCðbzÞ and GCðpÞ for a given hd are nonpositive, but bu and q result in positive exten-
sion forces in the rigid conducting line case. It is worth noting that the extension force value for a given hd in
the dielectric line case is always less than that in the conducting line case due to bz, bu, and q, respectively, but
the line-force p leads to the same extension force in the two cases. It is also noted that in both cases, no exten-
sion force is induced by the screw dislocation when hd = 0, and by the line-loads when hd = 61.6, which can
be obtained by diﬀerentiating G* with respect to hd. Similarly, we can obtain the locations of the screw dislo-
cation at which the magnitude of forces become maximum: hmaxd ¼ 17:7 with the Burgers vector, and
hmaxd ¼ 0 with the line-loads.
8.2. Force on the screw dislocation
Force Fy on the screw dislocation is normalized by the parameterF 0 ¼ c
ð1Þ
44 b
2
z
4pa
: ð8:3Þ1
al properties for piezoelectric ceramics
cð1Þ44 ðGPaÞ eð1Þ15 ðN=m2Þ eð1Þ11 ð109 C=VmÞ ke
B 27.1 4.6 3.6 0.4657
H 35.3 17 15.1 0.7363
25.6 12.7 6.46 0.9876
Fig. 3. The eﬀect of the line-loads on the rigid line extension force.
Fig. 2. The eﬀect of the Burgers vector on the rigid line extension force.
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are plotted in Fig. 4, where C and D denote the conducting and dielectric line cases, respectively. As can be
found that for a given hd, the ‘‘harder’’ the medium s2 relative to s1 (higher modulus ratio a), the larger the
value of Fy0. When a = 5, the value of Fy0 becomes always positive, which indicates that the dislocation is al-
ways repelled by the interfacial rigid line in the y direction, and therefore the dislocation has no equilibrium
position in the y direction. When solid s2 is ‘‘softer’’ than s1, e.g., a = 0.5, two equilibrium positions for the
dislocation can be observed in the y direction.
Forces Fy0 versus the angular position hd for diﬀerent b and a, c = 1 are shown in Fig. 5. At a given value of
hd, it is observed that the value of Fy0 becomes positive when bP 2 for the dielectric line case and when b = 6
for the conducting line case, respectively. Therefore the dislocation has no equilibrium position in the y direc-
tion. When b = 0.1, two equilibrium positions for the dislocation are found in the y direction.
Fig. 5. Normalized force Fy0 versus hd for diﬀerent b for a = 1 and c = 1.
Fig. 4. Normalized force Fy0 versus hd for diﬀerent a for b = 1 and c = 1.
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for a given hd, the smaller of c, the larger the value of Fy0. Fy0 is always positive when c = 0.1. With the increas-
ing c, the value of Fy0 decreases and becomes always negative when c = 5. Therefore, the dislocation has no
equilibrium position in the y direction when c = 0.1 and c = 5.
It is worth noting that the repulsive force for a given hd in the dielectric line case is stronger than that in the
conducting line case with the same a, b and c; however, the opposite phenomenon can be observed for the
attractive force. It is also seen that the absolute value of Fy0 increases dramatically as the screw dislocation
approaches the rigid line interface except the special case of C(1) = C(2).
In the following analysis, three kinds of piezoelectric ceramics, PZT-6B, PZT-5H and PZT-4 are taken as
medium s1, respectively, and s2 is assumed to be purely elastic. The above material properties and electrome-
chanical coupling factor ke are listed in Table 1 (Soh et al., 2002). As an example, here we consider only bz,
Fig. 7. Normalized force F y ðbzÞ versus hd for diﬀerent ke for a = 1.
Fig. 6. Normalized force Fy0 versus hd for diﬀerent c for a = 1 and b = 1.
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
yðbzÞ versus the angular position hd for diﬀerent ke and a = 1 are plotted in
Fig. 7, where F yðbzÞ ¼ F yðbzÞ=F 0 and Fy(bz) is the force on the dislocation only due to bz. The ﬁgure shows
that for a given hd, the stronger the electromechanical coupling eﬀect, the larger is the value of Fy0 in both
conducting and dielectric line cases. It is also noted that for a given ke, there are two angular positions h

d1
and hd2 ðhd2 ¼ 180  hd1Þ at which the values of F yðbzÞ are the same in the conducting and dielectric line cases.
The value of F yðbzÞ is larger in the conducting line case than that in the dielectric line case when the angular
position is in the ranges 0 < hd < h

d1 and h

d2 < hd < 180
, but the opposite phenomenon can be observed for
the angular position in the range hd1 < hd < h

d2. h

d1 and h

d2 can be obtained from Eqs. (7.4) and (7.8).
9. Conclusion
A theoretical analysis was performed for the interaction between a screw dislocation with line-force and
line-charge and collinear rigid lines at the interface of two dissimilar piezoelectric media, subjected to far-ﬁeld
Z.M. Xiao et al. / International Journal of Solids and Structures 44 (2007) 255–271 269anti-plane mechanical and in-plane electric loads. The interface rigid lines are either conducting or dielectric.
The solution was obtained by using the complex potential method. The 1=
ﬃﬃ
r
p
singularity of ﬁeld variables near
the tip of a single rigid line was identiﬁed. The rigid line extension force was presented in terms of the general-
ized strain intensity factors. The force acting on the dislocation was obtained. The inﬂuence of the angular
position of the dislocation, material property and electromechanical coupling factor on the force in the y direc-
tion was discussed in detail.Appendix A
The complex potentials in s1 and s2 due to a screw dislocation interacting with a perfectly bonded interface
are expressed asUiaðzÞ ¼
U10ðzÞ þU1dðzÞ; z 2 s1;
U20ðzÞ; z 2 s2;

ðA:1Þwhere U10(z) and U20(z) are, respectively, the holomorphic functions in s1 and s2, and U1d(z) is the complex
potential of an inﬁnite half plane subjected to a screw dislocation and is given by (Pak, 1990b)U1d ¼ 1
2pðz zdÞ ðbþ iðC
ð1ÞÞ1fÞ: ðA:2ÞRearranging (4.6), one obtainsUþ10ðxÞ U1dðxÞ þUþ20ðxÞ ¼ U10ðxÞ Uþ1dðxÞ þU20ðxÞ: ðA:3Þ
By standard analytic continuation arguments, one reachesU10ðzÞ U1dðzÞ þU20ðzÞ ¼ 0; z 2 s1: ðA:4Þ
With the same arguments, rearranging (4.7) leads toCð1ÞU10ðzÞ þ Cð1ÞU1dðzÞ  Cð2ÞU20ðzÞ ¼ 0; z 2 s1: ðA:5Þ
Combining (A.4) with (A.5), one ﬁndsU10ðzÞ ¼ ðCð1Þ þ Cð2ÞÞ1ðCð2Þ  Cð1ÞÞU1dðzÞ; z 2 s1; ðA:6Þ
U20ðzÞ ¼ 2ðCð1Þ þ Cð2ÞÞ1Cð1ÞU1dðzÞ; z 2 s2: ðA:7ÞAppendix Bd1 ¼ 1r^1 sin h1 þ r^2 sin h2 ; ðB:1Þ
d2 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
r^1r^2
p sin h1 þ h2
2
	 

 r^1 cos h1 þ r^2 cos h2
2r^1r^2
tan
h1 þ h2
2
	 

; ðB:2Þ
d3 ¼  1ﬃﬃﬃﬃﬃﬃﬃﬃ
r^1r^2
p sin h1 þ h2
2
	 

þ r^1 sin h2 þ r^2 sin h1
2r^1r^2
; ðB:3Þ
d4 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
r^1r^2
p cos h1 þ h2
2
	 

 r^1 cos h1 þ r^2 cos h2
2r^1r^2
; ðB:4Þ
d5 ¼  1ﬃﬃﬃﬃﬃﬃﬃﬃ
r^1r^2
p cos h1 þ h2
2
	 

þ r^1 cos h2 þ r^2 cos h1
2r^1r^2
; ðB:5Þ
d6 ¼ r^2  r^1
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
r^1r^2
p sin h1  h2
2
	 

; ðB:6Þ
d7 ¼ r^1 þ r^2
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
r^1r^2
p cos h1  h2
2
	 

; ðB:7Þ
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